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Abstract. Consider the moduli space of parabolic Higgs bundles (E, <£>) of rank two on 
CP 1 such that the underlying holomorphic vector bundle for the parabolic vector bundle 
E is trivial. It is equipped with the natural involution defined by (E, $) i — > (E, — $). We 
study the fixed point locus of this involution. In [GMj , this moduli space with involution 
was identified with the moduli space of hyperpolygons equipped with a certain natural 
involution. Here we identify the fixed point locus with the moduli spaces of polygons in 
Minkowski 3-space. This identification yields information on the connected components 
of the fixed point locus. 



1. Introduction 

Parabolic vector bundles over a compact Riemann surface £ with n marked points are 
holomorphic vector bundles over E with a weighted flag structure over each of the marked 
points. They were introduced by Seshadri, [Se], and are of interest for many reasons. 
For instance, there is a natural bijective correspondence between the isomorphism classes 
of polystable parabolic bundles of parabolic degree zero and the equivalence classes of 
unitary representations of the fundamental group of the n-punctured surface. 

Parabolic Higgs bundles are pairs of the form (E,<&), where E is a parabolic vector 
bundle on E and $ is a meromorphic End(E)-valued 1-form holomorphic outside the n 
marked points such that $ has at most a simple pole with nilpotent residue (with respect 
to the flag) at each of the marked points. There is a natural relationship between the 
polystable parabolic Higgs bundles of parabolic degree zero and the representations of the 
fundamental group of the n-punctured surface in the general linear groups [Si) . Parabolic 
Higgs bundles have been studied in other works such as [BY\ INall IKolt IGMj . 

We will be particularly interested in the case of parabolic Higgs bundles of rank two 
over a n-pointed Riemann surface of genus zero. 

Consider the split real form PGL(2,M) of PGL(2,C) defined by the involution A 1 — > 
A. It produces the anti- holomorphic involution on the moduli space of representations 
corresponding to the holomorphic involution 

(1) a: (£,$) .— ► (£,-$) 
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of the moduli space of parabolic Higgs bundles [Hilj . Note that a is the restriction to — 1 
of the U(l) = S^-action on the moduli space of parabolic Higgs bundles defined by 

A ■ (£,$) = (E, A$), X e S 1 . 

The isomorphism classes of stable parabolic Higgs bundles fixed by this involution corre- 
spond to SU(2) or SL(2, R) representations, the former corresponding to parabolic Higgs 
bundles with zero Higgs field; see |HilJ. 

We study the fixed points in the special case where the underlying vector bundle is 
holomorphically trivial. Let be the moduli space of parabolic Higgs bundles (E, $), 
where E is a holomorphically trivial vector bundle over CP 1 of rank two with a weighted 
complete flag structure over each of the n marked points xi, ■ ■ ■ ,x n 

< Pi{xi) < fafa) < 1. 

As shown in [GM] , there is an isomorphism between H((3) and the hyperpolygon space 
X(a), with ai = /^(^i) — defined as a hyper-Kahler quotient of T*C 2n by 

K := (U(2) x U(l) n )/U(l) = (SU(2) x U(l) n ) /(Z/2Z) , 

where Z/2Z acts by multiplication of each factor by —1. (See also Sections [2] and [3] for 
details.) 

Using this correspondence between the two moduli spaces, we study in Section 0] the 
fixed point set of the corresponding involution of X(a) defined by 

(2) a : \p,q] i — > [-p,q], 

with (p,q) G T*C 2n . We show that this fixed-point set is formed by M(a), the space of 
polygons in K 3 obtained when p — 0, and several other connected components Z$, where 
S runs over all subsets of {1 , ■ ■ • , n} with (S 1 ) > 2 and 

(3) < 

(the complement of S is denoted by S c ). These components Zs are all non-compact except 
when \S\ = n — 1, in which case Zs = CP n ~ 2 and M(a) is empty. Let S'(a) be the 
collection of all subsets of {1 , • • • , n) with |,S| > 2 satisfying (J3]). 

We describe these sets Zs and the corresponding components Zs of the fixed point set 
of the involution of %(($) defined in (pQ); the following theorem is proved (see Section H]). 

Theorem 1.1. The fixed-point set of the involution in ([I]) of the space of parabolic Higgs 
bundles is 

SeS'(a) 

with ai = 02(xi) — 0i(xi), where M. p t 2,o is the space of rank two degree zero parabolic 
vector bundles over CP 1 , and where Zs C is formed by parabolic Higgs bundles 

E = (£?,$) G U{(3) such that 
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(i) the parabolic vector bundle E admits a direct sum decomposition E = Lq © L%, 
where Lq and L\ are parabolic line bundles where the parabolic weight of L (re- 
spectively, L\) at Xi G S c is f}<i(xi) (respectively, (3\{xi)), and the parabolic weight 
of Lq (respectively, L\) at Xi G S is 0i(xi) (respectively, {3 2 (xi)); 

(ii) the residues of the Higgs field $ at the parabolic points x^ are either upper or lower 
triangular with respect to the above decomposition, according to whether i is in S 
or in S c . 

Moreover, Z$ is a non- compact manifold of dimension 2(n — 3) except when \S\ = n — 1, 
in which case Z$ = Ais is compact and diffeomorphic to CP n ~ 3 . In all cases, "H(/3) Z / 2Z 
has 2 (n_1) - (n + 1) non-compact components and one compact component. 

Remark 1.1. 

• Since the vector bundle underlying E is holomorphically trivial, it follows that the 
holomorphic line bundles underlying Lq and L\ are both holomorphically trivial. 

• Statement (i) in Theorem 11.11 means that if 

E Xii x D E XU 2 D 
< 0i(xi) < fo(xi) < 1 

is the parabolic structure, then E Xij2 = E Xjj2 whenever i,j G S or i,j G S c . Note 
that this condition is independent of the choice of the trivialization of E. 

In Section El we show that for any S G S'(a), the corresponding component of the fixed 
point sets of the involution of X(a) (or of H(f3)) is diffeomorphic to a moduli space of 
polygons in Minkowski 3-space, meaning M 3 equipped with the Minkowski inner product 

vow = -xix 2 - 2/12/2 + ht 2 , 

for v = (xi,yi,ti) and w = (x 2 , y 2 , t 2 ). The surface Sr in M 3 defined by the equation 
— x 2 — y 2 + t 2 = R 2 (a pseudosphere of radius R) has two connected components: S^, 
corresponding to t > 0, which is called a future pseudosphere, and S^, corresponding to 
t < 0, which is called a past pseudosphere. The group SU(1, 1) acts transitively on 
(respectively, S^) since one can think of 1R 3 as su(l, 1)* with (respectively, S^) being 
an elliptic coadjoint orbit. Consequently, both and Sr have the SU(1, l)-invariant 
Kostant-Kirillov symplectic structure of a coadjoint orbit. Fixing two positive integers 
fci, k 2 with k\ + k 2 = n, we consider closed polygons in Minkowski 3-space with the first 
k\ sides lying in future pseudospheres of radii a±, ■ ■ ■ , and the last k 2 sides lying in 
past pseudospheres of radii a^+i, • • • , a n . The space of all such closed polygons can be 
identified with the zero level set of the moment map 

fi : Ox x ••• xO n — > su(l, 1)* 

for the diagonal SU(1, l)-action, where the coadjoint SU(1, l)-orbit Oi = S^., 1 < i < ki, 
is a future pseudosphere of radius Oj, and = S~., k x + \ < i < n, is a past pseudosphere 
of radius ctj, equipped with its Kostant-Kirillov symplectic structure |Fo] . Then the 
corresponding moduli space of polygons is defined as the symplectic quotient 

M klM (a) := / u- 1 (0)/SU(l,l). 
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We have the following result. 

Theorem 1.2. For any S G S'(a), the components Z$ and Z$, of the fixed-point sets of 
the involutions in §Q and ([2]) respectively, are diffeomorphic to the moduli space 

M isi,m (a) 

of closed polygons in Minkowski 3-space. 

This interpretation allows us to see the fixed-point set of the above involutions as 
a moduli space of another related problem, thus helping us to understand many of its 
geometrical properties as seen in the example of Section [7J 

Acknowledgements. We thank O. Garcfa-Prada for suggesting the study of the hyper- 
polygon description of the fixed-point set of the natural involution of the moduli space of 
parabolic Higgs bundles. 

2. Hyperpolygon spaces 

Let Q be the star-shaped quiver with vertices parametrized by / U {0} = {1 , • • • , n} U 
{0} and the arrows parametrized by / such that, for any i G /, the tail and the head of 
the corresponding arrow are i and respectively. Consider all representations of Q with 
Vi = C, for i G /, and Vo = C 2 . They are parametrized by 

E{Q, V) := 0Hom(V;,Vo) = C 2n . 

iei 

Using the actions of U(l) and U(2) on C and C 2 respectively, we construct an action of 
U(2) xU(l) n on E(Q, V). This action produces an action of U(2) xU(l) n on the cotangent 
bundle T*E(Q, V) = T*C 2n . One gets a hyper-Kahler quiver variety by performing the 
hyper-Kahler reduction on T*E(Q, V) for this action of U(2) x 11(1)"". Since the diagonal 
circle 

{(c-Idc^c,-.. ,c) I \c\ = 1} C U(2) xU(l) n 
acts trivially on T*E(Q, V), the action factors through the quotient group 

K := (U(2) x U(l) n )/U(l) = (SU(2) x U(l) n )/(Z/2Z) , 

where Z/2Z acts as multiplication by —1 on each factor. As T*C 2 = (C 2 )* x C 2 can 
be identified with the space of quaternions, the cotangent bundle T*E(Q, V) = T*C 2n 
has a natural hyper-Kahler structure (see for example |Ko21 IHi2j ). The hyper-Kahler 
quotient of T*C 2 " by K can be explicitly described as follows. Let (p, q) be coordinates 
on T*C 2n , where p = (pi, • • • ,p n ) is the n-tuple of row vectors Pi = ( 6j ) e (C 2 )* 

and q = (qi, • ■ ■ , q n ) is the n-tuple of column vectors % = y ^ j G C 2 . In terms of these 

coordinates, the action of K on T*C 2n is given by 

(p, q) ■ [A; ei, ■ • • , e n ) = ({e^pxA, ■■■ , e~ x p n A), (A~ 1 g 1 ei, • ■ ■ , A _1 g n e n ) j . 

This action is hyper-Hamiltonian with hyper-Kahler moment map 

Vbk := u K © u c : T*C 2n — ► ( 5 u(2)* © (R n )*) © (s[(2, C)* © (C n )*) , 
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|Ko2] . where the real moment map /% is given by 

f— T n 1 1 

(4) H R (p,q) = _^^(g ig *-^) © ^-(| gi | 2 -| pi | 2 ),... ,-(|g n | 2 -|p n | 2 )), 

1=1 

and the complex moment map (Ac is given by 

n 

(5) /i C (P, ?) = - 5^(9iPi)o © (V-Lpiqi, • ■ ■ , V^lPn^n) • 

1=1 

The hyperpolygon space X(a) is then defined to be the hyper-Kahler quotient 

(6) X(a) := T*C 2n //// a K := (^(0, a) n ^(0, 0))/K 

for a = («i, • • • , ot n ) G R" . 

An element (p, g) G T*C 2n is in /^(O, 0) if and only if 

p^i = and ^2(qiPi)o = 0. 

i=i 

In other words, an element (p, q) of T*C 2n is in /^(O, 0) if and only if 

(7) ajQ + = 
and 

n n n 

(8) 2J a * c * ~~ = 0, 2jaidi = 0, bjCj = . 

i=l i=l i=l 

Similarly, (p, q) is in //^(O, a) if and only if 

1 " 

gOftl 2- W 2 ) = alld (® 9 < ~PiPi)o = °> 

i=l 

i.e., if and only if 

(9) | Ci | 2 + K| 2 - |a,| 2 - |6i| 2 = 2«i 
and 



n 



(10) |q| 2 - |a;| 2 + \k\ 2 - \di\ 2 = 0, ^aA-Qdi = 0. 
i=i i=i 

An element a = (ai, • • ■ , a n ) G is said to be generic if and only if 

(11) e s (a) := ^ 

for every subset S C {1, ■ • • , n}. For a generic a, the hyperpolygon space X(a) is a 
non-empty complex manifold of complex dimension 2(n — 3) (see [Ko2j for details). 

Hyperpolygon spaces can be described from an algebro-geometric point of view as 
geometric invariant theoretic quotients. To elaborate this, we need the stability criterion, 
developed by Nakajima [Na2l INa3j for quiver varieties and adapted by Konno |Ko2j to 
hyperpolygon spaces. We will recall this below. 
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Let a be generic. A subset S C {1, • - • , n} is called short if 
(12) e s {a) < 

and long otherwise (see (TTTjl for the definition of 65(a)). Given (p, g) £ y*(Q2n an( j a 
subset 5 C {1, - • • , n}, we say that 5 is straight at (p, g) if g» is proportional to qj for all 
i,j £ 5. 



Theorem 2.1 (|Ko2j). Let a £ be generic. A point (p,q) £ T*C 2n is a-stable if and 
only if the following two conditions hold: 

(i) qi 7^ for all i, and 

(ii) if S C {1, • • • , n} is straight at (p, q) and pj = for all j £ S c , then S is short. 

Remark 2.1. Note that it is enough to verify (ii) in Theorem 12. II for all maximal straight 
sets, that is, for those that are not contained in any other straight set at (p, q). 

Let ^ 1 (0, 0) a_st denote the set of points in /i^ (0, 0) that are a-stable, and let 

K c := (SL(2,C) x (C*) n )/(Z/2Z) 
be the complexification of K. 

Proposition 2.2 ( |Ko2] ). Let a £ be generic. Then 

/%M(0,a),(0,0)) c p c \0,0r st , 
and there exists a natural bijection 

l : /ii((o, a ),(o ) o))/jr — > ^(o.o) ""/^ - 

From Proposition 12.21 and the definition in (J6j) it follows that 

X(a) = ^\0,0) a - st /K c . 

Following [HP], we denote the elements in p^(0, 0) a ~ st /K c by [p, q] a . st , and denote by 
[p, g]]R the elements in [ijj K ((0, a), (0, 0)) / K, when we need to make an explicit use of one 
of the two constructions. In all other cases, we will simply write [p, g] for a hyperpolygon 
in X(pi). 

2.1. A circle action. Consider the S^-action on X(a) defined by 

(13) \-{p,q] = [Xp,q]. 

This action is Hamiltonian with respect to symplectic structure on A(a); the associated 
moment map (p '■ X{a) — > R is given by 

1 n 

(14) <K1p,q]) = ^ lPi 

i=i 

This is a Morse-Bott function that is proper and bounded from bellow. Following Konno 
|Ko2j . let us consider 5(a), namely the collection of short sets for a, and its subset 

S'(a) := {S C {!,-■■ ,n} | S is a-short, |5| > 2} . 
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For any S G S'(a), define 

Xs '■= {[p, q] £ -^(a) | 5 and S 10 are straight at (p, q) and pj = V j G S^} . 
Then the fixed-point set of the circle action on X(a) is the following. 
Theorem 2.3 ( |Ko2] ) . The fixed point set for the S 1 -action in (fl3l) is 

X(a) sl = M(a) U (J X s . 

SeS'(a) 

The fixed-point set component Xs is diffeomorphic to CP' 5 ' -2 , and it has index 2{n — 1 — 

\s\). 

Let us now determine the isotropy weights of the circle action in ( fl3l) at different fixed 
points. 

For S G S'(a), let us fix \p',q'] a . st G Xs- We may assume that for each i G S, 



Ci 





and p ■ = ( &i ) , for i G 5 



and for each i G S c , 



q\ = ( ° j and p' t = ( ) , for z G S c 



Moreover, we can assume that 5 = {1, ■ ■ • ,/} and that 61,62 7^ 0. Since q,^ 7^ for 
all i, there exists a unique element /i G K c such that (p',q')h = (p°,q°) G ^ 1 (0, 0) a_st , 
where for each i G S, 



and for i £ S c 



9? = ( J ) and pj = ( 6? ) , 
«? = ( J ) and P »=(0 0), 



with 6^ = 1 and 7^ 0. There exists an open neighborhood U of (p°, q°) in T*C 2n 
such that for all (p, q) E U (1 /^(O, 0), there is a unique element [A; ei, • • • , e n ] G 
satisfying the conditions that 



'(10)', if i = 1 

( 1 n )*, if * = 2 

(l ) , if i = 3, • • • , I 

( Wi l), ifi = Z + l,-- - ,n — 1 

( 1 ) , if % = n 



and 



' ( 1 ) , if z = 1 

( — nr 2 r 2 ) , if i = 2 

e~Vi^ = < f -^iWj 1 , if i = 3, • • • , I 

( Zi —ZiWi ) , if i = I + 1, • ■ ■ , n - 1 

k ( r 3 ) , if % = n, 
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where r\,r^ r% are uniquely determined by 

(15) {z u Wi | i = 3, • • • ,n - 1} ; 

so the functions in ( fl5l) define a local coordinate system in X(a) around [p', q'] a -st- Indeed, 
a-stability is an open condition so that any (p, q) E ^^(O, 0) Q_st sufficiently close to (p r , q') 
will be a-stable. Moreover, there exist unique, up to multiplication by ±1, 

ei,e n G C\{0} and A E SL(2,C) 

such that 



A 1 qie 1 = ( J ^ , A 1 q n e n 



(16) X-(zi,Wi) 



and 

erVi^ = ( 1 ) . 
Then one can uniquely determine e2, • • • , e n _i such that 

^l -1 ^ = ( M , for i = 2, ■ ■ ■ , I, A'^q^ = f * V for z = Z + 1, • • • , n - 1. 

Now it can be easily shown that the ^-action (constructed in ( fl3l) ) in these local 
coordinates is given by 

(z h Xwi), if i = 3, • • • ,1 
(\ 2 Zi, X~ 1 w i ), if i = I + 1, • • • , n — 1. 
Let us now consider a fixed point [0,g'] a _ st E M(a). Then we may assume that 

q[ = ( o 1 ) ' with Cl ^ °' g 2 = f J ^ > with C 2, ^2 7^ 0, 

9/3 = ( Z ) ' with ds * °' 

<^ = ( ^ j , with d 7^ 0, for i = 4, • • • , n — 1, 

q ' n = ( d ) ' with rfn ^ °' 

since [0, q') a -st is not in any of the sets X$. As q ^ for all i 7^ 3, n, and 4 / / d n , 
there exists a unique element h E K c such that (0,q')h = (0, g°) G / u^ 1 (0, 0) Q_st , where 



,0 



) , for i = 4, • • • ,n- 1, 
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Then there exists an open neighborhood U of (0, q°) in T*C 2n such that for all (p, q) G 
U <1 ^(0,0), there is a unique element [A; e±, ■ ■ ■ , e n ] G K c such that 

'(10)', if i = 1 

(11)*, if i = 2 

A- X qi e % =\ (w 3 1 )*, if i = 3 

( 1 Wi y , if i = 4, • • • , n — 1 

(01), if z = n 



e< l M = < 



and 

On), 

-r 2 r 2 ) , 

^3 -z 3 w 3 ) , 

( {n ) , 

where ri,r 2 ,r 3 are uniquely determined by 



(17) 



{Zi, Wi 



if i = 1 
if i = 2 
if i = 3, 
if % = 4, 
if i = n, 



,n- 1}; 



n 



so (fT7j) is a local coordinate system around [0, q'] a - s t in X(a). Indeed, a-stability is an 
open condition and, moreover, there exist unique, up to multiplication by ±1, 



A G SL(2,C) and e 1 ,e 2 ,e n G C \ {0} 



such that 



A l q 1 e 1 = ( J j , A 1 q 2 e 2 = ( j ^ , and A = ( J ^ . 

Then one can uniquely determine e^, ■ ■ ■ , e n _i such that 

A~ l q 3 e 3 = ^ * J and A -1 ^ = ^ * J , for i = 4, • • • , n - 1. 

It is straight-forward to check that the circle action (see (TT3T) ) in these local coordinates 
is given by 



(18) A ■ (zi,Wi) = (Xzi,Wi) for i = 3, 

Using ({TBI and ({TBI) we obtain the following result. 



n — 1 . 



Theorem 2.4. Let [p, g] Q _ s t fre a point in Xg. Then the non-zero isotropy weights of the 
S 1 -representation on T^p^ a st X{a) are 

• +1 with multiplicity \S\ — 2; 

• —1 with multiplicity (n — 1) — \S\; 

• +2 with multiplicity (n — 1) — [ jS' | _ 

Lei [0,g] a _ st be a point of the space M(a). Then the non-zero isotropy weights of the 
S 1 -representation on T[ 0) g] Q _ st X(a) are 

• +1 with multiplicity (n — 1) — \S\. 
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3. Spaces of Parabolic Higgs bundles 

Let £ be CP 1 with n ordered marked points D = {xi, ■ ■ ■ ,x n } and let E be a parabolic 
vector bundle of rank two over £ with parabolic structure 

E x := E Xt i D E Xj2 D , 
<ft(ar) < /3 2 (x) < 1 

over each point of D. Its parabolic degree is then 

par-deg(22) := degree(E) + ^ (ft (a) + ft (a)) . 

xeD 

We recall that E is said to be stable if par-//(22) > par-/i(L) for every line subbundle L of 
22 equipped with the induced parabolic structure, where, for any parabolic vector bundle 
F, the slope par-//(F) is defined as par-deg(F)/rank(F). 

Now if L is a parabolic line subbundle of E, its induced parabolic structure is given by 
the trivial flag over each point x of D, 

L x D 0, 

with weights 

f ft (a), if L x n £,,2 = {0}, 
L (s) = { 

( ft(z), if L x nE x , 2 = C, 

and so it has parabolic degree 

par-deg(L) = degree(L) + ftfo) + ft (a*), 

i&s L iesi 

where 

(19) S L := {i G {1, • • • , n} | /3 L (x,) = ft(^)}. 

Hence, E is stable if and only if every parabolic line subbundle L satisfies the inequality 

(20) degree(22) - 2 • degree(L) > ]T (ft(^) - ft (a*)) - ^ (ft(^) - ft(^)). 

ieS L ieS£ 

The holomorphic cotangent bundle of the Riemann surface £ will be denoted by K^,. 
The line bundle on £ defined by the divisor D will be denoted by O^(D). A parabolic 
Higgs bundle of rank two is a pair E := (22, <E>), where E is a parabolic vector bundle 
over £ of rank two, and 

$ G 22°(£, SParEnd(E) <g> 2sT s (2})) 

is a Higgs field on 22. Here SParEnd(E) denotes the subsheaf of End(E) formed by 
strongly parabolic endomorphisms y? : 22 — > E, which, in this situation, simply means 
that 

<p(E x>l ) C E x>2 and tp{E X)2 ) = 0, for all x G D. 
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Note that $ is then a meromorphic endomorphism-valued one-form with simple poles 
along D whose residue at each x G D is nilpotent with respect to the flag, i.e., 

(Res x <5>){E xA ) C E x>i+1 

for all % — 1,2 and x G D, with = 0. The definition of stability extends to Higgs 
bundles: a parabolic Higgs bundle E = [E, $) is stable if par-fi(E) > par-/x(L) for all 
parabolic line subbundles L C E which are preserved by $. 

Let H(p) be the moduli space of parabolic Higgs bundles of rank two such that the 
underlying holomorphic vector bundle is holomorphically trivial. In [GM] it is shown that 
H{0) is diffeomorphic to the space of hyperpolygons X(a) with ctj = (3 2 (xi) — (3i(xi). The 
correspondence between these two spaces is given by the map 

(21) 

\p, Q)a-Bt 1 — ► ( E (p,q) ' $ (P,<?)) =: E (P,9) 
where Eu, q -) is the trivial vector bundle CP 1 x C 2 — > CP 1 with the parabolic structure 
consisting of weighted flags 

C 2 D (ft) D 
< 0x(xi) < (3 2 {xi) < 1 
over the n marked points {xi, • • • ,x n } = D C CP 1 with fii{xj) satisfying 

(22) P 2 {xi) - fa{xi) = a { , 

and $[p, g ] G H° (S Par End(E( p ^) £g> i^ C pi(Z))) is the Higgs field uniquely determined by 
the following condition on the residue: 

(23) Res Xi $ := (g^) 

at each Xi G D. In particular, the polygon space M(a) (obtained when p = 0) is mapped 
to the moduli space .M ,3,2,0 of parabolic vector bundles of rank two over S such that the 
underlying holomorphic vector bundle is trivial (this map is obtained by setting $ = 0). 

This isomorphism is equivariant with respect to the circle action on X(a) (see (TIB"]) ) 
and the circle action on H(f3) defined by 

(24) A • (E, $) = (E, A$), for AGS 1 . 

Each connected component Xs of the fixed point set of the circle action on X(a) is 
mapped to a manifold Ais formed by the trivial holomorphic bundle E over S equipped 
with weighted flag structures 

C 2 D E Xi>2 D 
< ^(xi) < (3 2 { Xi ) < 1 

such that E Xu 2 = E Xj ,2 whenever i,j G S or i,j G 5* c , and an Higgs field with zero residue 
at all points xi with % G 5* c . Note that this description of the critical sets agrees with the 
one given by Simpson in [ST] . Indeed, the bundles in M. s have a direct sum decomposition 
E = L © L\ as parabolic bundles, where the parabolic weight of L Q (respectively, L\) 
at Xi G S c is p2( x i) (respectively, /?i(xj)), and the parabolic weight of L (respectively, 
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L\) at Xi G S is 0i(xi) (respectively, /^(x*)). (Note that the holomorphic line bundles 
underlying L and L\ are trivial.) Moreover, being lower triangular with respect to 
this decomposition, preserves L\ and induces a nonzero strongly parabolic homomorphism 
$| L : Lq — > L\®Kj]{D)\ that this strongly parabolic homomorphism is nonzero follows 
from the fact that X s n M(o) = 0. 

4. An involution 

As before, let "H(/3) be the moduli space of /3-stable parabolic Higgs bundles of rank 
two such that the underlying holomorphic vector bundle is trivial. In this section we will 
restrict ourselves to the action of Z/2Z C S 1 on "H(/3) giving the involution 

(25) (£,$) ^ (£,-$), 
and we will study the fixed-point set of this involution. 

The parabolic Higgs bundles with zero Higgs field are clearly fixed by the involution in 
(1251) . and so the moduli space ,3,2,0 of /3-stable rank two holomorphically trivial parabolic 
vector bundles over CP 1 is contained in the fixed point set of the involution. 

For the remaining fixed points, we will use the isomorphism in (12TT) and study the 
fixed point set of the corresponding involution on the hyperpolygon space X(a) with 
a = (ati, • ■ ■ , a n ) satisfying (122]) . The fixed-point set of the involution 

(26) (p,q) 1 — > (~P,q), 

on the hyperpolygon space X(a) is the set of points X(a) Z//2Z that are fixed by the action 
of Z/2Z C S 1 in PJ. 

As before, M(a) denotes the moduli space of polygons in R 3 . Theorem 14.11 describes 
the fixed-point set of the Z/2Z-action in (1261) . 

For each element S of S' (a), 

%s '■= {[p, l} £ X(a) I S and S c are straight at (p,q)} ■ 
Theorem 4.1. The fixed-point set of the involution in fT26|) is 

X{af/ m = M(a)U (J Z s , 

5e5'(o) 

where Zs is defined above. 

Moreover, Zs is a non-compact manifold of dimension 2(n — 3) except when \S\ = n — 1, 
in which case Z s = X s is compact and diffeomorphic to CP™ -3 . In all cases, X(a) Ij l 2Ij 
has 2 n ~ 1 — (n + 1) non- compact components and one compact component. 

Proof. From the isotropy weights of the S^-action given in Theorem 12.41 it follows imme- 
diately that, if M(a) is nonempty, then it is a connected component of the fixed point 
set of the Z2/2Z-action. Furthermore, the connected components of the complement 
X(a) z / 2Z \ M(a) are parametrized by the elements S of S'(a) and have dimension 

dimZ 5 = 2((n-l) - |S|) + dimX 5 = 2(n - 3) . 
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Therefore, it remains to show that each connected component Z$ of X(a) z / 2Z \ M(a) can 
be described as 

Zs = {[p, q] £ X(a) | S and S^are straight at (p,q)} ■ 

Suppose that [p, q] G X(a) z / 2Z \ M(a). Then there exists an element 

[A; ei ,... ,e n ] G 

such that 

e^PiA = —p,i and A q^ei = g,, fori = 1, • • • ,n, 

and so 

Ap* = — e^p* and Ag^ = for i = 1, • • • , n . 

Since |gJ 2 — \pi\ 2 = 2a j, we have qi =fi for all i = 1, • • • , n and so qi is an eigenvector 
of A with eigenvalue e,. Moreover, since [p, q] G X(a) z/2Z \ M(a), there exists an integer 
iq G {1, • • • , n} such that p io ^ 0, and so p* o is an eigenvector of A with eigenvalue — e io . 
Hence, assuming that A is diagonal, we have 



.4 



e io 
-ei 



with e io = ±-y/— 1. We conclude that there exists an index set 5 C {1, • • • , n} with i G S* 
such that 

(27) Pi=(0 &*), nV Vie5 



ft 



(a, 0), 9i =( ° ),V*gS c 



Since |gj| 2 — \pi\ 2 = 2«j, we conclude that 

(28) |cj| 2 — \bi\ 2 = 2cti for all z G S 1 and |g?J 2 — |<2j| 2 = 2«j for all i G S^. 
Moreover, since Ym=i (lili ~ PiPi)o = 0> we obtain that 

(29) E(n 2 + n 2 )-E(i^i 2 + n 2 ) = 

ies ies c 
and so, using f[2"8l . we get that 

(30) ^ - Yl ai = &*i 2 - zZ^ 2 ■ 

i&S ieS c i€S c ieS 

On the other hand, since ^™ =1 (<7iPi)o — 0, we have that 

(31) y^bjCj = J^Mi = 0. 

ies ieS c 

If 5* is short, then we work with 5" and, in particular, since q ^ and there exists an 
io G 5* such that b{ ^ 0, from (l3Tj) it follows that there exists another i\ G 5* such that 
bi x 7^ and we obtain that S has cardinality at least two. If, on the other hand, 5* is 
long, we consider S c instead (which is now short). Since S is long, from (|3"U|) it follows 
that there is at least one i\ G S° such that pi x ^ and then, since ^ 0, from (!3T|) it 
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follows that there is another element ii in S c with pi 2 ^ 0, implying that the short set S c 
has cardinality at least two. 

Finally, since for every subset S C {1, • • • , n}, we have that either S or S° is short, the 
number of short sets for a is 

2) =*->-i. 

k=i v 7 

If there is no short set of cardinality n— 1, then there are exactly n short sets of cardinality 
1 and so 

\S\a)\ = 2("- 1 )-(n + l). 

Moreover, in this case, all the components Zs are non-compact. If, on the other hand, 
there is a short set S of cardinality n — 1, then there are only n — 1 short sets of cardinality 
1 and then the number of elements in S'(a) is 

\S'(a)\ = 2< n - 1 > -n. 

However, in this case, M(a) is empty and is compact. We conclude that, in both cases, 
the number of non-compact components of X(a) sl is 2(™~ 1 ) — (n + 1) and that there is 
exactly one compact component (which is either M{a) or Zg). □ 

Each manifold Z$, being a component of X (a) z/2Z , is symplectic and invariant under the 
circle action in f)13p . Hence, whenever \S\ 7^ we obtain an effective Hamiltonian circle 
action on Z$ (the action factors through the quotient of S l by Z/2Z). The corresponding 
moment map then coincides with the restriction of |</> to Z$- The only critical submanifold 
of this map is X$ where it attains its minimum value. Consequently, we have the following 
results. 

Theorem 4.2. Each manifold X s = CP |5| ~ 2 is a deformation retraction of Z$- In 
particular, Z$ is simply connected. 

Theorem 4.3. Let Pt{M) be the Poincare polynomial of M. Then 

P t (Z s ) = Pt(X s ) = P 4 (CP |51 - 2 ) = l + t + --- + t 2 ^- 2 \ 

Going back to the space of parabolic Higgs bundles 7i(j3) and using the isomorphism 
in (|2"T|) . we obtain from (1231) and (12"7|) that the fixed-point set H((3) Z / 2Z of the involution 
in ff25l) is described as in Theorem 11.11 

5. Polygons in Minkowski 3-space 
Let us consider the Minkowski inner product on R 3 

VOW — —ViWi — V2W2 + V3W3 , 

for v = (t>i, t>2, t>3) and w = (wi, 11)2,103). The inner product space consisting of R 3 
together with this signature (— , — , +)-inner product will be denoted by R 2 ' 1 ; it is called 
the Minkowski 3-space. The Minkowski norm of a vector v G R 2 ' 1 is then defined to be 

IMki = V\ v v \ ■ 



POLYGONS IN MINKOWSKI THREE SPACE AND RANK TWO PARABOLIC BUNDLES 15 



All elements v of R 2,1 are classified according to the sign of v ov. The set of all v such that 
v o v = is called the light cone of 1R 3 ; any vector v with v o v — is said to be light-like. 
If i> o u > 0, then t> is called time-like, and if i> o t> < 0, then it is called space-like. A 
time-like vector is said to be lying in future (respectively, past) if v 3 > (respectively 
V3 < 0). Note that the exterior of the light cone consists of all space-like vectors, while 
its interior consists of all time-like vectors. From now on we will write any v G M 2 ' 1 as 
v = (x,y,t). 

Moduli spaces of polygons in M. 2,1 were described by Foth, [Fb], as follows. Consider 
the surface Sr in M 3 defined by the equation — x 2 — y 2 + t 2 = R 2 , which is called a 
pseudosphere. The Minkowski metric on M. 2,1 restricts to a constant curvature Riemannian 
metric on Sr. It is an hyperboloid of two sheets. The connected component S^ C Sr, 
corresponding to t > 0, is called a future pseudosphere, and the connected component 
S R C Sr, corresponding to t < 0, is called a past pseudosphere. The group SU(1, 1) 
acts transitively on each connected component since one can think of M 2 ' 1 = 1R 3 as 
su(l, 1)* with Sfi and S^ being elliptic coadjoint orbits. Consequently, both and S^ 
have a natural invariant symplectic structure (the Kostant-Kirillov form on a coadjoint 
orbit). The Minkowski metric is also invariant (since SU(1, 1) acts by isometries) and 
both connected components are Kahler manifolds; they are in fact isomorphic to the 
hyperbolic plane SU(1, 1)/U(1). We will study the geometry of the symplectic quotients 
of the products of several future and past pseudospheres with respect to the diagonal 
SU(1, l)-action. 

Let a = (or, • • • , a n ) be an n-tuple of positive real numbers. Let us fix two positive 
integers k\,k,2 with k\ + &2 = n. We will consider polygons in Minkowski 3-space that 
have the first k\ edges in the future time-like cone and the last fc 2 edges in the past time- 
like cone, such that the Minkowski length of the i-th edge is «j. A closed polygon will 
then be one whose sum of the first k\ sides in the future time-like cone coincides with the 
negative of the sum of the last k% sides in the past time-like cone. The space of all such 
closed polygons can be identified with the zero level set of the moment map 

/ 32 x A* : Ox x • • • x O n — > 5u(l, 1)* 

(U h ■■■ ,U n ) I > Hi H \~Un 

for the diagonal SU(1, l)-action, where 0, = S+. is a future pseudosphere of radius a, if 
1 < i < ki, and 0, L = S~. is a past pseudosphere if ki + 1 < i < n, equipped with the 
Kostant-Kirillov symplectic form on coadjoint orbits. Hence, 

M fcl ' fc2 (a) := /i~ 1 (0)/SU(l,l), 

which is a quotient of a non-compact space by a non-compact Lie group. For a generic 
choice of a, meaning M kl,k2 (a) is non-empty with ^=i a * 7^ XT=fci+i a «> ever y point 
in M kl ' k2 (a) represents a polygon with a trivial stabilizer. In that situation, the group 
SU(1, 1) acts freely and properly on yu _1 (0). Moreover, is a regular value of the moment 
map n and so the quotient space M kl,k2 (a) is, for a generic a, a smooth symplectic 
manifold of dimension 2(n — 3). Note that the spaces 

M kxM {a 1 , ■ ■ ■ ,a kl ,a kl+1 , ■■■ ,a n ) and M k2M (a kl+l , ■■■ ,a n ,a u --- ,a kl ) 
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are symplectomorphic by the isomorphism given by the involution of IR 2,1 defined by 
(x,y,t) i — > (-x,-y,-t). 

Theorem 5.1 (|Foj). The space M kl ' k2 (a) is non- compact, unless k\ = 1 or k 2 = 1 in 

which case it is compact. 

We give a brief outline of an argument for Theorem 15.11 

Let us first assume that k 2 = 1- The last side of the polygon can be represented (after 
being acted on by an element of SU(1, 1)) by a vector in IR 2,1 with coordinates (0, 0, —a n ). 
Hence, the sum of the first n— 1 future time-like sides of the polygon is (0, 0, a n ). The only 
symmetry left is the circle rotation around the t-axis. Therefore, this space of polygons 
is clearly bounded and closed and therefore compact. 

The space M kl,k2 (a) is non-compact if k 2 > 1. For example, let us consider the simple 
case where k\ = k 2 = 2 and ct\ = ol 2 — oi& — 1. Again we can assume that the last side is 
(0,0, —1) and the only symmetry left is the circle rotation around the t-axis. Let x n be 
the closed polygon with sides 

Ul = (-1, 0, y/2), u 2 = (1 - P(n), Q(n),n - y/2), 
us = (P(n), — Q(n), 1 — n) and u& = (0,0,-1), 

where 



P(n) = ^(3 + 2(v / 2- l)n) and Q(n) = ^8(V2- l)n 2 - 4(3^ - l)n - 9 . 

The sequence {x n } has no limit point in M 2,2 (l, 1, 2, 1) and so this space is not compact. 

Let us now describe the symplectic structure on M kl,k2 (a). For that, define the 
Minkowski cross product x as 




vxw : = 

where v = (vi,V2,v 3 ) and w = (wi,w 2 ,w 3 ) with ei,e 2 ,e 3 being the standard unit vectors 
in R 3 . This cross product satisfies the usual properties: 

vxw = —wxv 

(uxv)xw + (vxw)xu + (wxu)xv = 
and so (M 3 , x) is a Lie algebra. Moreover, it is isomorphic to su(l, 1) via the map 

It x + y—ly 
-[y V^lt 

Under this identification, the Minkowski inner product o corresponds to (A, B) i — > —2 ■ 
trace(AB). 

The symplectic form on the pseudosphere Sr is then given by 

uj u (v,w) = —u o (vkw) , 
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where u G Sr and v,w G Tu^ii (we think of T u »Sfl as the linear subspace of M 2,1 or- 
thogonal to u with respect to the Minkowski inner product), and the map in fl32|) is the 
moment map for the diagonal SU(1, l)-action and the product symplectic structure. 



6. Back to the involution 

Let us go back to Section H] and consider a point [p, q] in some Z$- Let Ui G M 3 be the 
vector 

\f-\ 1 

where we use the identifications, su(2)* = (IR 3 )* = su(l, 1). If % G S then p { = ( b { ) 
and (ft = f q ^ , implying that 





2 + 




to 


2 ) 



(33) Ui = |^Re (6iC») , Im (hd 

with 

MiOM, = (M 2 - \bi\ 2 ) 2 /A = a 2 

(ui has Minkowski norm aj). Similarly, if z G S' c , we have p, = ( a« ) and (ft = ^ ^ J 
yielding 

a,] 2 + \di 



(34) = ^Re (didi), - Im (ojdj) 

and 

uioui = (\ai\ 2 - \di\ 2 ) 2 / A = a 2 . 
Moreover, by (|29|) and (!3T|) we have that 

n 

5^ «i = . 

i=l 

So the vectors m« form a closed polygon in Minkowski 3-space with the first \S\ sides in 
the positive time-like cone and the last n — \S\ sides in the past, with the i-th side being 
of Minkowski length a*. 

Theorem 6.1. For any S G S'(a), the components Z$ and Z$, of the fixed-point sets of 
the involutions in ( 1251) and (1261) respectively, are diffeomorphic to the moduli space 

of closed polygons in Minkowski 3-space. 

Proof. Let S be a short set of cardinality at least two. Consider the map <p : Z$ — > 
Ml 5 l-l 5C l(a) defined above, that is, (p(\p, <z]r) is the element of M' s '''' 5C '(a) represented by 
the polygon whose sides are the vectors Ui given by ( 1331 and ( |34|) for i in 5 and S c 
respectively. 
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Note that the pseudo- unitary group SU(1, 1) is generated by the following orientation 
preserving isometries of the pseudosphere: A e and T^, where 

(cos 6 — sin 6 
sin 6 cos 9 
1 

is an Euclidean rotation by an angle 6 in the (x, y)-plane, and 

/ 1 

Tcf, = I cosh (j) sinh < 
y sinh0 coshi 

is a boost of rapidity along the 2/-direction3 (cf. |BV] for the details). 

Let us first see that ip is well defined. For that, consider two representatives (p, q) and 
(p'> 0.') °f the same element \p, q]^ in Z s . Then there exists [A; ex, • • • , e n ] G X such that 

e^PiA = p\ and A~ x qi&i = q\, % — 1, • • • , n. 

Since p^ = ( eij &j ) , p^ = ( ) with aj = = for i G S and 6, = 6^ = for i G S c , 

while qi = ( Ci di )*, = ( )* with <ij = = for i G S and q = = for 

i G 5' c , we conclude that 

' a 
a 



A 



with a = e^^ 6 * G S" 1 . Then we have 

Im (fijcg) = A. 

|6Jl a +Kl a 



/ Re (& iCi ) \ 



26» 



V 



Im (6jCi) 

N 2 +M 2 
2 



for i E S, 



J 



and 



/ Re (a'X) \ 



-Im(aX) 



V 



Kf+KI 2 



/ Re(aidi) \ 



20 o 



/ 



V 



Im (ciidi) 

_K|2 + |d i |2 



for i G S" 2 



/ 



where A_28 is a rotation in SU(1, 1). Therefore, it follows that ip is well-defined. 

To show that <p is injective, let us consider two points [p, q}^, \p', q'}^ G Zg with 
v([p,q\m.) = </?([p'> ?']»)■ Then, writing 



, for i E S 



Pi = ( 6j ) , = ( b J ) and ft = 

with E t es^ c * = Eie5 & 'i c i = ( cf - and 

^ = ( a t ) , p- = ( a< ) and ( JJ , ^ ( J ; j , fori E S 10 , 



1 In special relativity, the rapidity parameter is defined by tanh <fi = v/c, where v is the velocity. 
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with J2ies c a idi = J2ies c a 'id'i = O5 there exists an Euclidean rotation Aq by an angle 9 
on the (x, y)-plane such that 

/ Re (bid) \ 



(35) 



and 



(36) 



Im(&^) 



V 



W t \ 2 +\4\ 2 

2 



A 



00 



J 



Im (biCi 



N 2 +M 2 
2 



for i G S, 



( Re(«)\ 

KI 2 +KI 2 



/ Re(airfi) \ 



.4 



ft) 



V 



Im (ajdj) 
kl 2 +Mi| 2 



for i G 5 C . 



/ 



Indeed, if the two vectors on the left-hand side of ( 1351) and ( 1361) were not obtained from 
the corresponding vectors on the right-hand side by an Euclidean rotation, but by an 
element of SU(1, 1) involving a boost, they would fail to satisfy the condition 

We conclude that 

b'^ = e^HiCi, and |^| 2 + |^| 2 = \k\ 2 + | Ci | 2 , for % G S, 

while 

a-d- = e~^ =l9o a i di, and |a-| 2 + |rf-| 2 = |a;| 2 + |^| 2 , for i G 5 C , 



and so 



with A 



p 

e V=Te /2 



= p;A and q'i = A l q u 



, implying that [p, g] R = [p', <?'] R . 



Let us now see that ip is surjective. For that, take any element [v] G M^ s ^'^ sc ^(a). Using 
the SU(1, l)-action, the (k\ + l)-th vertex can be placed on the t-axis (so that 5^i=i v i * s 
a vector along the t-axis). Therefore, we may assume that [v] is represented by a polygon 
with the first \S\ sides being (xj,^,^) with ^ > 0, on the positive time-like cone and 
the last n — \S\ sides being (xi,yi, — U) with ti > 0, in the past, satisfying the additional 



conditions 



ki 



i=l i=l i=fci+l i=fci+l 

Then [t>] is the image of the hyperpolygon [p, g] R , where 



for i E S, 



and 



Pi = ( + V^Tyi) ) , 9<=fc 

Pi = ( £(2* - v^Tz/i) ) , ft=( z °) foriG5 
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with 

k = \jai + \J a 2 + \xi + v^l 2/;| 2 = y/aT+t, i = 1 
Here \p, q]m.E Z s since 



22 b i°i = ?X x i + v'-i i/i) = o, 22 aidi = ^2 ( Xi ~ ^~^y^ ' 

ieS i=l i&S c t=fci+l 

and 

l c i| 2 — |^i| 2 — 2a» for alH G S while |(ij| 2 — |aj| 2 = 2a-j for all i G S' c , 
where as usual we write pi = ( a, 6j ) and q%—(ci di )*, for i = 1, ■ • • , n. 

Note that clearly 9? and its inverse are differentiable and the theorem follows. □ 

Remark 6.1. Note that when \S\ = n — 1 we obtain that the space M n_1,1 (a), which we 
already knew is compact, is, in fact, diffeomorphic to CP™ -3 . 

Theorem 16.11 allows us draw several conclusions on the polygon spaces in Minkowski 
3-space which are immediate consequences of Theorem 14.21 and Theorem 14.31 

Theorem 6.2. Let M kl,k2 (a) be the moduli space of closed polygons in Minkowski 3-space 
that have the first ki sides in the future time-like cone and the last ki in the past, such 
that the Minkowski length of the i-th side is ai. Assume without loss of generality that 

Eti«i < Then > 

(i) M hl,k2 (a) admits a deformation retraction to CP fcl_2 ; and 

(ii) the Poincare polynomial of M kl,k2 (a) is 

P t {M klM {a)) = P t {CF kl - 2 ) = 1 + t + • • • + t 2 d 5 !- 2 ) . 
7. An Example 

As an example, we consider the case where n — 4. Let H{0) be the moduli space of 
parabolic Higgs bundles (E, $) of rank two over CP 1 with four parabolic points, where 
the underlying holomorphic vector bundle is trivial and /3 is generic. Let 

ati := /3 2 {xi) - fii(xi), « = 1, • • • ,4. 

Since a subset of {1,2,3,4} is either short or long, we know that there are exactly three 
short sets of cardinality two for any value of a = (ai, ■ • • , a 4 ). Let us denote these sets by 
Si, S2 and S3. Then the fixed point set of the involution in (1251) has exactly 4 connected 
components 

■M 0,2,0, Z Sl , Z S2 , Z Ss or Z Sl , Z S2 , Z Si , Z§, 
according to whether ^0,2,0 is empty or nonempty, where S is a short set of cardinality 
3 which we know exists exactly when Mp^a — [OMl IBYj . 

If 7^ 0; then this space Ai ^2,0 is a compact toric manifold of dimension two, 

therefore diffeomorphic to CP 1 . Indeed, let us assume without loss of generality that 
a i 7^ «2 (note that a is generic) and consider the diagonal d 2 '■— u x + u 2 connecting 
the origin to the third vertex of the polygon. For each intermediate value of the length 
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of c?2) we have a circle of possible classes of polygons obtained by rotating the first two 
sides of the polygon around the diagonal, while fixing the other two. The minimum and 
maximum values of this length are 

max {\ai — a 2 \ , |c*3 — a^\} and min {a>i + a 2 , a.3 + 0*4} 

respectively, in which cases we only have one possible polygon. Note that this length 
is the moment map for the bending flow obtained by rotating the first two sides of the 
polygon around the diagonal. 

If .M/3,2,0 — then, since \S\ = 3, we have that = M.^ is a connected component 
of U{Pf /2Z diffeomorphic to CP 1 . 

Let us now consider Zg i . By Theorem 16.11 we know that this space is diffeomorphic to 
M 2 ' 2 (a) formed by classes of closed polygons in Minkowski 3-space with the first two sides 
«i, u 2 in the future time-like cone and the last two, namely u 3 and w 4 , in the past, where 
each side Ui has Minkowski length a^. Let us again consider the diagonal d 2 = U\ + u 2 
connecting the origin to the third vertex of the polygon. This vector is also a future 
time-like vector and we can consider its Minkowski length t. Note that if we place the 
first vertex at the origin and use the SU(1, l)-action to place the third vertex on the 
t-axis, then the bending flow can be described as a rotation of the vectors Ui,u 2 around 
the t-axis with a constant angular speed while fixing the other two vectors. Hence, Zs t 
is a non-compact toric manifold with moment map t. By the reversed triangle inequality 
we have that i has the minimum value 

max \ol\ + «2 , «3 + cti} 

which is attained at just one point (the polygon with two sides aligned along the t-axis) 
and has no other critical value. We conclude that Zg i is diffeomorphic to C. 

In all cases we conclude that %(/3) z/2Z has one compact connected component diffeo- 
morphic to CP 1 and three non-compact components diffeomorphic to C. 
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